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NON-VANISHING OF MIYAWAKI TYPE LIFT
HENRY H. KIM AND TAKUYA YAMAUCHI
Abstract. In this paper, we show the non-vanishing of the Miyawaki type lift for GSpin(2, 10)
constructed in [19], by using the fact that the Fourier coefficient at the identity is closely related
to the Rankin-Selberg L-function of two elliptic cusp forms. In the case of the original Miyawaki
lift of Siegel cusp forms, we reduce the non-vanishing problem to that of the Rankin-Selberg
convolution of two Siegel cusp forms.
1. Introduction
Miyawaki type lifts are kinds of Langlands functorial lifts and a special case was first conjec-
tured by Miyawaki [22] and proved by Ikeda for Siegel cusp forms in [13]. Since then, such a
lift for Hermitian modular forms was constructed by Atobe and Kojima [2], and for half-integral
weight Siegel cusp forms by Hayashida [7], and we constructed Miyawaki type lift for GSpin(2, 10)
[19]. Recently Ikeda and Yamana [15] generalized Ikeda type construction for Hilbert-Siegel cusp
forms in a remarkable way and accordingly Miyawaki type lift for Hilbert-Siegel cusp forms for
any level follows. In all these works, a construction of Miyawaki type lift takes two steps as
follows: First, construct Ikeda type lift on a bigger group from an elliptic cusp form, and then
define a certain integral on a block diagonal element which is an analogue of pull-back formula
studied by Garrett [6] for Siegel Eisenstein series. If the integral is non-vanishing, then it is shown
that it is a Hecke eigen cusp form, and it is the Miyawaki type lift. The question of non-vanishing
of the integral was left open.
In this paper, we show the non-vanishing for certain special cases. The idea is to write the
Ikeda type lift as Fourier-Jacobi expansion with matrix index S. Then the Fourier coefficients of
the Miyawaki type lift become the integral of vector-valued modular forms and theta series. By
choosing S carefully, we can show that the Fourier coefficient of index S is non-vanishing.
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In particular, in Section 2, we show it for the Miyawaki type lift for GSpin(2, 10). The Miyawaki
type lift in this case is a cusp form on GSpin(2, 10) associated to two cusp forms f ∈ S2k(SL2(Z))
and g ∈ S2k+8(SL2(Z)). In this case, the situation is very nice in that S = 12 is associated to
an even unimodular matrix E⊕28 (E8 denotes the unique even 8× 8 unimodular matrix), and the
integral becomes essentially the Rankin-Selberg L-function L(s, f ⊗ g) at s = 4. Therefore it is
non-vanishing. Recently, we constructed the Ikeda type lift for the exceptional group of type E7
for any level, and hence the Miyawaki type lift can be generalized in an obvious way. For the
non-vanishing for higher level case, we use the adelic language by following [24].
In Section 3, we consider the original Miyawaki lift in [13]. Namely, the Miyawaki lift is
a cusp form on Sk+n+r(Sp4n+2r(Z)) associated to two cusp forms f ∈ S2k(SL2(Z)) and g ∈
Sk+n+r(Sp2r(Z)). Consider the Fourier-Jacobi expansion of the Ikeda lift Ff ∈ Sk+n+r(Sp4n+4r(Z))
with matrix index S, where S is a half-integral symmetric matrix of size 2n + r. If 2n + r is
divisible by 8, there exists an even unimodular matrix of size 2n+r, and in that case, the integral
becomes the integral of two Siegel cusp forms and theta series. Here we use the Siegel’s formula
that says that the linear combination of the theta series is the Eisenstein series. Hence a linear
combination of the integrals becomes the Rankin-Selberg convolution of two Siegel cusp forms
[25]. It is not known whether the convolution is non-vanishing. If we assume the non-vanishing
of the convolution, then the Miyawaki lift is non-vanishing.
In Section 4, we consider the Miyawaki lift for the unitary group in [2]. Namely, let K be an
imaginary quadratic field with discriminant −D, and χ = χD be the Dirichlet character corre-
sponding toK/Q. Let f be a normalized Hecke eigen cusp form belonging to
S2k(SL2(Z)), if n oddS2k+1(Γ0(D), χ), if n even.
Then given a cusp form g of weight 2k + 2[n2 ] + 2r on U(r, r) defined over K/Q, the Miyawaki
lift Ff,g is a cusp form of weight 2k + 2[
n
2 ] + 2r on U(n+ r, n+ r) defined over K/Q. Atobe and
Kojima [2] showed that if Ff,g is non-vanishing, it is a Hecke eigen form. We consider the special
case 4|(n + r). In this case, we use classification of even unimodular matrices over imaginary
quadratic fields in [4], and use the Siegel-Weil formula for unitary groups [11] in order to obtain
the analogue of the Siegel formula for Hermitian theta series. If r = 1, the Miyawaki lift Ff,g is
non-vanishing. If r > 1, assuming the non-vanishing of the Rankin-Selberg convolution, we show
that the Miyawaki lift is non-vanishing.
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In the last section, we give an outline of non-vanishing of the Miyawaki lift for half-integral
weight Siegel cusp forms assuming the non-vanishing of a similar integral involving half-integral
weight modular forms.
Finally we remark that recently, Atobe [1] independently obtained non-vanishing of the original
Miyawaki lift by a different method. He assumes Gan-Gross-Prasad conjecture [5].
Acknowledgments. We would like to thank H. Atobe, T. Ikeda, S. Hayashida, and M. Tsuzuki
for helpful discussions. Special thanks are given to H. Atobe for pointing out some mistakes in an
earlier version and to M. Tsuzuki for guiding the second author on the computation in Section
2.2.
2. Miyawaki type lift for GSpin(2, 10)
In this section we prove the non-vanishing of the Miyawaki type lift constructed in [19]. We
showed that under the assumption of non-vanishing, it is a Hecke eigen cusp form. After these
works the authors generalized the main theorems in [18] and hence the Miyawaki type lift can be
generalized in an obvious way. However we treat the non-vanishing separately for level one and
higher level cases because of the nature of the construction.
2.1. Level one. Let f ∈ S2k(SL2(Z)), g ∈ S2k+8(SL2(Z)) be Hecke eigen cusp forms. Let Ff,g
be the Miyawaki lift constructed in [19]. It is defined as an integral:
(2.1) Ff,g(Z) =
∫
SL2(Z)\H
Ff
(
Z 0
0 τ
)
g(τ)(Imτ)2k+6 dτ,
where Ff is the Ikeda type lift constructed in [18].
In [19, Section 8], we wrote it as
(2.2) Ff,g(Z) =
∑
S
ASe
2piiTr(TS),
where S ∈ J2(Z)+ (see [19, (8.1)]), and
(2.3) AS =
∫
SL2(Z)\H
FS(τ, 0)g(τ)Im(τ)
2k+8 d∗τ,
where d∗τ = dxdy
y2
is the invariant measure on H. (See Section 8 of [19].)
If S = 12 ∈ J2(Z)+, then by [18, Appendix] (see also the corrections in Section 2 of [20]), the
quadratic form σS associated to S is of type E
⊕2
8 and then we can show that Ξ(S) = {0} in [18,
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(9.3)]. Note that for the basis {αi}
7
i=0 defining the integral Cayley numbers (see Section 2 of
[18]), σS = V ⊥ V ≃ E8 ⊥ E8 where V is the quadratic space over Z given by
2 0 0 0 0 −1 −1 −1
0 2 0 0 1 −1 1 0
0 0 2 0 1 0 −1 1
0 0 0 2 1 1 0 −1
0 1 1 1 2 0 0 0
−1 −1 0 1 0 2 0 0
−1 1 −1 0 0 0 2 0
−1 0 1 −1 0 0 0 2

whose determinant is one. Then from the formula [18, (9.4)],
FS,0(τ) =
∑
N>0
N
2k−9
2
∏
p
f˜pS,N(αp)e
2piiNτ .
By the formula in [17], if S = 12,
fpS,N(X) =
1−Xvp(N)+1
1−X
.
Hence f˜pS,N = X
−vp(N) +X−vp(N)+2 + · · ·+Xvp(N). So FS,0(τ) = f(τ). Therefore,
FS(τ, 0) = f(τ)θ(τ),
where θ is a theta function in 16 variables, and hence a modular form of weight 8 with respect
to SL2(Z). Since dim S8(SL2(Z)) = 1, θ(τ) = E8(τ). Here
E8(τ) =
∑
γ∈Γ∞\SL2(Z)
j(γ, τ)−8,
where Γ∞ =
{(
a b
0 d
)
∈ SL2(Z)
}
, and j(γ, τ) = cτ + d for γ =
(
a b
c d
)
∈ SL2(Z). Hence
A12 =
∫
SL2(Z)\H
f(τ)g(τ)E8(τ)Im(τ)
2k+8 d∗τ.
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Then by the usual unfolding method,
A12 =
∫
SL2(Z)\H
∑
γ∈Γ∞\SL2(Z)
f(γτ)g(γτ)Im(γτ)2k+8 d∗τ
=
∫
Γ∞\SL2(Z)
f(τ)g(τ)y2k+8d∗τ
=
∫ ∞
0
y2k+6
(∫ 1
0
f(x+ iy)g(x+ iy)dx
)
dy.
Let f(τ) =
∑∞
n=1 a(n)e
2piinτ , and g(τ) =
∑∞
n=1 b(n)e
2piinτ . Then∫ 1
0
f(x+ iy)h(x + iy)dx =
∞∑
n=1
a(n)b(n)e−4piny.
Therefore,
A12 =
∞∑
n=1
a(n)b(n)
∫ ∞
0
y2k+6e−4piny dy = (4π)−2k−7Γ(2k + 7)
∞∑
n=1
a(n)b(n)
n2k+7
.
Let L(s, f ⊗ g¯) be the Rankin-Selberg L-function:
L(s, f ⊗ g¯) = ζ(2s)
∞∑
n=1
a(n)b(n)
ns+2k+3
=
∏
p
2∏
i=1
2∏
j=1
(1− αf,i(p)αg,j(p)p
−s)−1,
where αf,i(p), αg,j(p) are roots of X
2 − a(p)
pk−
1
2
X + 1 = 0, X2 − b(p)
pk+
7
2
X + 1 = 0, resp.
Hence
L(4, f ⊗ g¯) = ζ(8)
∞∑
n=1
a(n)b(n)
n2k+7
.
Now L(s, f ⊗ g¯) converges absolutely for Re(s) > 1 and it has the Euler product. Hence it is
non-vanishing for Re(s) > 1. Therefore A12 is non-vanishing. Hence we have proved
Theorem 2.1. Let Ff,g be the Miyawaki type lift as above. Then it is non-zero.
2.2. Higher level. LetN, k be positive integers and Γ0(N) =
{(
a b
c d
)
∈ SL2(Z) : c ≡ 0(mod N)
}
.
We denote by Sk(Γ0(N)) the space of elliptic cusp forms of weight k with respect to Γ0(N).
Throughout this section we keep this notation.
Let f ∈ S2k(Γ0(N)), g ∈ S2k+8(Γ0(N)) be two newforms. Let ϕf = ⊗
′
pfp, ϕg = ⊗
′
pgp be the
decomposition of cuspidal automorphic forms associated to f, g where each component at p is
chosen as a local newform defined in [23] so that it takes the value 1 at the identity I2 when p is
an unramified place. Let πf = ⊗
′
pπf,p, πg = ⊗
′
pπg,p be the cuspidal automorphic representations
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generated by ϕf , ϕg respectively. Applying Theorem 1.1 of [20] with ⊗p<∞πf,p and using the
classical interpretation (cf. Section 5.1 of [18]), we have the Ikeda type lift Ff . As in the case of
level one, we can also define the Miyawaki type lift Ff,g by means of the integral given in [19,
(1.1)] as follows:
(2.4) Ff,g(Z) =
∫
Γ0(N)\H
Ff
(
Z 0
0 τ
)
g(τ)(Imτ)2k+6 dτ.
By the definition it is easy to see that Ff,g is a modular form for a congruence subgroup of
GSpin(2, 10)(Z).
Theorem 2.2. Keep the notations as above. Suppose that N is square free. Then the Miyawaki
type lift Ff,g is non-vanishing.
Remark 2.3. As in [19], we may show that Ff,g is a Hecke eigen form and hence gives rise to
a cuspidal representation of GSpin(2, 10).
Since we have a non-trivial level, we should be careful with the fact that a priori we do not
have an explicit form as in the case of level one. However by virtue of Lemma 7.1 and Lemma
7.3 of [20], we see that
F12(τ, 0) = f(τ)θ(τ)
where θ(τ) = E8(τ) is as before and the left hand side is defined similarly as in (2.2),(2.3). As in
level one case, we have
A12 =
∫
Γ0(N)\H
f(τ)g(τ)E8(τ)Im(τ)
2k+8 d∗τ.
Theorem 2.2 will follow from the following:
Theorem 2.4. There exists a non-zero constant C such that
A12 = C · L(4, πf × πg) 6= 0,
where L(s, πf ⊗πg) is the Rankin-Selberg convolution for cuspidal representations πf , πg attached
to f, g respectively.
Proof. We work on adelic forms. LetKp = GL2(Zp) andK0(p
r) =
{(
a b
c d
)
∈ Kp : c ≡ 0(mod p
r)
}
.
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Let Φp be the local section in the principal series πp(| · |
7
2 , | · |−
7
2 ) defined by, if p 6=∞,
Φp(g) =

|ad−1|4p if g ∈
(
a ∗
0 d
)
K0(p
ordp(N))
0 otherwise.
Similarly we also define a spherical vector Φurp by replacing K0(p
ordp(N)) with Kp. If p =
∞, we define Φ∞(g) = Φur∞(g) = |ad−1|4e
√−1θk if g = pkθ ∈
(
a ∗
0 d
)
K∞, where kθ =(
cos θ − sin θ
sin θ cos θ
)
∈ K∞ ≃ SO(2).
Put Φur = ⊗′pΦurp and Φ = ⊗′pΦp. The global section Φur gives rise to E8(τ), the Eisen-
stein series of level one, while the global section Φ gives rise to the Eisenstein series E
(N)
8 (τ) =∑
γ∈Γ∞\Γ0(N)
j(γ, τ)−8 for Γ0(N) with respect to the cusp ∞.
By the usual unfolding method, there exists a non-zero constant C ′ depending on the normal-
ization at all Steinberg places and at the infinite place such that
A12 = C
′
∫
Z(AQ)GL2(Q)\GL2(AQ)
∑
γ∈B(Q)\GL2(Q)
Φur(γg)ϕf (g)ϕg(g)dg
= C ′
∏
p
∫
PGL2(Qp)
Φurp (g)ϕf,p(g)ϕg,p(g)dg.
For any unramified prime p, by Proposition 3.8.1 of [3] we have∫
PGL2(Qp)
Φurp (g)ϕf,p(g)ϕg,p(g)dg = ζp(8)
−1L(4, πf,p × πg,p).
For a bad place p|N (hence p||N by the assumption), by applying computation in the proof of
Lemma 2.14 of [24] (see line -7 through the bottom in page 22 of loc.cit.), we have
∫
‘GL2(Qp)
Φurp (g)ϕf,p(g)ϕg,p(g)dg
=
∫
PGL2(Qp)
Φp(g)ϕf,p(g)ϕg,p(g)dg +
∫
PGL2(Qp)
Φp(
(
p 0
0 1
)
g)ϕf,p(g)ϕg,p(g)dg.
= [Kp,K0(p)]
−1p4ζp(8)−1L(4, πf,p × πg,p).
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For p =∞, it is well-known (cf. p.136 of [21]) that
C∞ :=
∫
PGL2(R)
Φ∞(g)ϕf,∞(g)ϕg,∞(g)dg = ζ∞(8)−1Γ(8)Γ(2k + 7) = Γ(2k + 7).
Put C = C ′C∞ζN (8)−1[SL2(Z) : Γ0(N)]−1N4 where ζN (s) =
∏
p∤N
ζp(s) is the partial Riemann
zeta function outside N . Then we have A12 = C · L(4, πf × πg). Now L(s, πf × πg) converges
absolutely for Re(s) > 1 and it has the Euler product. Hence it is non-vanishing for Re(s) > 1.
Therefore A12 is non-vanishing. 
3. Miyawaki lift for Siegel cusp forms
In this section we assume that the readers are familiar with notations and results in [12] and
[13].
Let h(τ) ∈ S+
k+ 1
2
(Γ0(4)) be a Hecke eigenform in Kohnen’s plus space corresponding to a Hecke
eigenform f(τ) ∈ S2k(SL2(Z)). Let n, r be positive integers such that n + r ≡ k mod 2. Then
we have the Ikeda lift Ff ∈ Sk+n+r(Sp4n+4r(Z)) whose standard L-function is
ζ(s)
2n+2r∏
k=1
L(s+ k + n+ r − i, f).
Now for g ∈ Sk+n+r(Sp2r(Z)), the Miyawaki lift is given by
Ff,g(Z) =
∫
Sp2r(Z)\Hr
Ff
(
Z 0
0 W
)
gc(W ))det(ImW )k+n−1 dW,
where Z ∈ H2n+r, and g
c(W ) = g(−W ). Ikeda [13] showed that if the integral is non-vanishing,
Ff,g is a Hecke eigenform in Sk+n+r(Sp4n+2r(Z)). Now we have the Fourier-Jacobi expansion of
Ff :
Ff
(
Z u
tu W
)
=
∑
S
FS(W,u)e
2piiTr(ZS),
where S ∈ S′2n+r(Z), and FS is a Fourier-Jacobi coefficient of index S. Then
FS(W,u) =
∑
λ∈Λ
θ[λ](S;W,u)FS,λ(W ),
where Λ = (2S)−1Z2n+r/Z2n+r, and θ[λ](S;W,u) is a theta series of 2n+ r variables.
Then
Ff,g(Z) =
∫
Sp2r(Z)\Hr
(∑
S
FS(W, 0)e
2piiTr(ZS)
)
gc(W )) det(ImW )k+n−1 dW =
∑
S
ASe
2piiTr(ZS),
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where
AS =
∫
Sp2r(Z)\Hr
FS(W, 0)gc(W )det(ImW )
k+n−1 dW.
Now in order to interchange the sum and the integral, we need to show that the integral is
absolutely convergent. We follow Lemma 7.1 of [18]: We have
FS(W, 0)e
−2piTr(Y S) =
∫
X
Ff
(
Z 0
0 W
)
e−2piiTr(XS) dX.
Setting Y = 1
Tr(S)I2n+r, we have |FS(W, 0)| ≪ (ImW )
−(k+n+r)Tr(S)2(k+n+r). Then for a fixed
Z, ∑
S
|FS(W, 0)e
2piiTr(ZS)| ≤ (ImW )−(k+n+r)
∑
S
Tr(S)2(k+n+r)e−2piTr(Y S).
Now Tr(Y S) ≥ cY Tr(S) for a constant cY > 0. Hence∑
S
Tr(S)2(k+n+r)e−2piTr(Y S) ≤
∑
S
Tr(S)2(k+n+r)e−2picY Tr(S),
which is bounded. Therefore,∫
Sp2r(Z)\Hr
(∑
S
FS(W, 0)e
2piiTr(ZS)
)
gc(W ))det(ImW )k+n−1 dW,
converges absolutely.
Now we consider the special case: r is even and 2n+ r is a multiple of 8. Choose S so that 2S
is an even unimodular matrix. Then Λ is trivial, and FS(W, 0) = H(W )θS(W ), where H(W ) is
a Siegel cusp form of weight k+ r2 and θS(W ) := θ[0](S;W, 0) is the theta function for S and the
trivial class [0], which is a Siegel modular form of weight n + r2 and level one. By using Lemma
7.1 and 7.2 (see also Corollary 7.3-(2),(3)) and Lemma 7.7 of [15], one can show that H(W ) is
the Ikeda lift F
(r)
f of f to Sp2r.
Now we apply the Siegel formula.
Theorem 3.1 (Siegel). For 8|m, Cm be the set of classes (up to isomorphism) of even unimodular
lattices of m variables, and let gS ∈ Cm be the order of the automorphism group of S ∈ Cm. Let
E2k(Z) =
∑
(C,D) det(CZ +D)
−2k be the usual Siegel Eisenstein series of weight 2k. Then
∑
S∈Cm
1
gS
θS =MmEm
2
, where Mm =
∑
S∈Cm
1
gS
.
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Now for C2n+r, consider the sum
(3.1)
∑
S∈C2n+r
1
gS
AS .
It is
(3.2) M2n+r
∫
Sp2r(Z)\Hr
H(W )gc(W )En+ r
2
(W )det(ImW )k+n+r d∗W,
where d∗W = det(ImW )−(r+1)dW . Let
H(W ) = F
(r)
f (W ) =
∑
T∈Sr(Z)+
a
F
(r)
f
(T )e2piiTr(TW ), g(W ) =
∑
T∈Sr(Z)+
ag(T )e
2piiTr(TW ).
Then by [16], the integral (3.2) is exactly a scalar multiple of the Rankin convolution
R(k + n+
r − 1
2
,H, g¯) =
∑
T∈S˜r(Z)+
a
F
(r)
f
(T )ag(T )
ǫ(T )det(T )k+n+
r−1
2
,
where S˜r(Z)
+ is the set of GLr(Z)-equivalence classes of matrices T ∈ Sr(Z)
+, and ǫ(T ) = #{U ∈
GLr(Z)|UT
tU = T}. By [25, Lemma 3.1], the above series converges absolutely if 2n > r + 2.
However, we do not know the non-vanishing. We assume
Conjecture 3.2. R(k + n+ r−12 ,H, g¯) is non-vanishing.
Under Conjecture 3.2, (3.1) is non-vanishing. Then one of AS is non-vanishing. Hence we have
proved:
Theorem 3.3. Let f(τ) ∈ S2k(SL2(Z)), and g ∈ Sk+n+r(Sp2r(Z)) such that 2n+ r is a multiple
of 8. Then under Conjecture 3.2, the Miyawaki lift Ff,g is non-vanishing.
4. Non-vanishing of Miyawaki lifts for U(n, n)
We review the Miyawaki lift for the unitary group in [2]. Let K be an imaginary quadratic
field with discriminant −D and let O be the ring of integers. Let χ = χD be the Dirichlet
character corresponding to K/Q. Let f be a normalized Hecke eigen cusp form belonging toS2k(SL2(Z)), if n oddS2k+1(Γ0(D), χ), if n even .
Ikeda [14] constructed a lift I(n+2r)(f) ∈ Sl(Γ
(n+2r)
K ,det
− l
2 ), where l = 2k + 2[n2 ] + 2r. It is a
Hecke eigenform on the Hermitian upper half space Hn+2r of degree n+ 2r.
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Now for a Hecke eigen cusp form g ∈ Sl(Γ
(r)
K ,det
− l
2 ), define
Ff,g(Z) =
∫
Γ
(r)
K
\Hr
I(n+2r)(f)
(
Z 0
0 W
)
gc(W )det(ImW )l−2r dW,
for Z ∈ Hn+r. (Here if 4|l, h ∈ Sl(SL2(Z)) can be regarded as h ∈ Sl(Γ
(1)
K ,det
− l
2 ). Note that
Γ
(1)
K = SL2(Z) · {α · 12|α ∈ O
×}. [14, page 1111]) Then Ff,g ∈ Sl(Γ
(n+r)
K ,det
− l
2 ). Atobe and
Kojima [2] showed that if Ff,g is not identically zero, it is a Hecke eigen form, and its standard
L-function is given by
L(s,Ff,g, St) = L(s, g, St)
n∏
i=1
L(s+ n−12 − i, πf )L(s+
n−1
2 − i, πf ⊗ χ).
Consider the Fourier-Jacobi expansion
I(n+2r)(f)
(
Z 0
0 W
)
=
∑
S
FS(W, 0)e
2piiTr(ZS),
where S ∈ S′n+r(O), (n+ r)× (n+ r) positive definite semi-integral Hermitian matrices, and FS
is a Fourier-Jacobi coefficient of index S. Then
FS(W, 0) =
∑
λ∈Λ
θ[λ](S;W, 0)FS,λ(W ),
where Λ = (2S)−1On+r/On+r, and θ[λ](S;W, 0) is a theta series of n+ r variables. Then
Ff,g(Z) =
∑
S
ASe
2piiTr(ZS),
where
AS =
∫
Γ
(r)
K
\Hr
FS(W, 0)gc(W ))det(ImW )
2k+2[n
2
] dW.
Now we consider the special case: 4|(n + r). Choose S so that 2S is an even unimodular
Hermitian matrix. Then Λ is trivial, and FS(W, 0) = H(W )θS(W ), where H(W ) is a Hermitian
cusp form of weight 2k + 2[n2 ]− n+ r and θS(W ) := θ[0](S;W, 0) is the theta function for S and
the trivial class [0], which is a Hermitian modular form of weight n+ r and level one.
For l > 2m, let El(Z) :=
∑
Γ∞\Γ(m)K
(det g)
l
2 det(CZ +D)−l. By applying the Siegel-Weil for-
mula for unitary groups [11], we obtain the following analogue of the Siegel formula for Hermitian
lattices:
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Theorem 4.1. For 4|m, let Cm be the set of classes (up to isomorphism) of even unimodular
Hermitian lattices of m variables, and let gS ∈ Cm be the order of the automorphism group of
S ∈ Cm. Then ∑
S∈Cm
1
gS
θS =MmEm, where Mm =
∑
S∈Cm
1
gS
.
Now for Cn+r, consider the sum ∑
S∈C2n+r
1
gS
AS .
It is
(4.1) M2n+r
∫
Γ
(r)
K
\Hr
H(W )gc(W )En+r(W )det(ImW )
2k+2[n
2
] dW.
Let
H(W ) =
∑
T∈S′r(O)
aH(T )e
2piiTr(TW ), g(W ) =
∑
T∈S′r(O)
ag(T )e
2piiTr(TW ).
Now the integral (4.1) is exactly a scalar multiple of the Rankin convolution
R(k + n+ r,H, g¯) =
∑
T∈S˜′r(O)+
aH(T )ag(T )
ǫ(T )det(T )2k+2[
n
2
]+r
,
where S˜′r(O)+ is the set of GLr(O)-equivalence classes of matrices T ∈ Sr(O)+, and ǫ(T ) =
#{U ∈ GLr(O)|UT
tU¯ = T}.
Now as in the Siegel case, we can show that H(W ) is the Ikeda lift of f to U(r, r). When
r = 1, n is of the form 4m+3, and the above integral is related to the Rankin-Selberg L-function
L(n+12 ,H ⊗ g¯) as in Section 2. Hence it is non-vanishing.
If r > 1, we assume the analogue of Conjecture 3.2. Then
Theorem 4.2. Let K be an imaginary quadratic field with discriminant −D. Let χ = χD be
the Dirichlet character corresponding to K/Q. Let f be a normalized Hecke eigen cusp form
belonging to
S2k(SL2(Z)), if n oddS2k+1(Γ0(D), χ), if n even. Let l = 2k + 2[n2 ] + 2r, and g ∈ Sl(Γ(r)K , det−
l
2 ), and
Ff,g be the Miyawaki lift in Sl(Γ
(n+r)
K , det
− l
2 ). Let 4|(n + r). If r = 1, Ff,g is non-vanishing. If
r > 1, assuming the analogue of Conjecture 3.2, it is non-vanishing.
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5. Miyawaki lift for half-integral Siegel cusp forms
In this section, assuming the non-vanishing of the integral (5.1), we give an outline of non-
vanishing of the Miyawaki lift for half-integral Siegel cusp forms given in [7]. Let I(2n)(f) be the
Ikeda lift as in Section 3 for f ∈ S2k(SL2(Z)). Consider its Fourier-Jacobi expansion with integer
index:
I(2n)(f)
(
Z1 u
tu τ
)
=
∞∑
m=1
ψm(Z1, u)e
2piimτ ,
where Z1 ∈ H2n−1, and τ ∈ H. Here ψ1(Z1, u) is a Jacobi cusp form of weight k+ n and index 1
of degree 2n− 1. By the Eichler-Zagier-Ibukiyama correspondence [10], there exists a Siegel cusp
form Ff ∈ S
+
k+n− 1
2
(Γ
(2n−1)
0 (4)) which corresponds to ψ1. For g ∈ S
+
k+n− 1
2
(Γ0(4)), we put
Ff,g(Z) =
∫
Γ0(4)\H
Ff
(
Z 0
0 τ
)
g(τ)Im(τ)k+n−
5
2 dτ,
for Z ∈ H2n−2. Then Ff,g is a cusp form in S+k+n− 1
2
(Γ
(2n−2)
0 (4)). Hayashida [7] proved that if
Ff,g is not identically zero, it is an eigenform with the standard L-function
L(s,Ff,g, St) = L(s, g)
2n−3∏
i=1
L(s− i, h).
Consider the Fourier-Jacobi expansion of Ff with matrix index
Ff
(
Z 0
0 τ
)
=
∑
S
FS(τ, 0)e
2piiTr(ZS),
where S ∈ S′2n−2(Z), and FS is a Fourier-Jacobi coefficient of index S. Then
FS(τ, 0) =
∑
λ∈Λ
θ[λ](S; τ, 0)FS,λ(τ),
where Λ = (2S)−1Z2n−2/Z2n−2, and θ[λ](S; τ, 0) is a theta series of 2n− 2 variables. Then
Ff,g(Z) =
∫
Γ0(4)\H
(∑
S
FS(τ, 0)e
2piiTr(ZS)
)
g(τ))(Imτ)k+n−
5
2 dτ =
∑
S
ASe
2piiTr(ZS),
where
AS =
∫
Γ0(4)\H
FS(τ, 0)g(τ)(Imτ)
k+n− 5
2 dτ.
Now we consider the special case: 2n − 2 is a multiple of 8, and choose S so that 2S is an even
unimodular matrix. Then Λ is trivial, and FS(τ, 0) = H(τ)θS(τ), where H(τ) is a cusp form of
weight k + 12 .
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Now we apply the Siegel formula. For 8|(2n − 2), let C2n−2 be the set of classes (up to
isomorphism) of even unimodular lattices of 2n− 2 variables, and let gS ∈ C2n−2 be the order of
the automorphism group of S ∈ C2n−2. Then∑
S∈C2n−2
1
gS
θS =M2n−2E 2n−2
2
, where M2n−2 =
∑
S∈C2n−2
1
gS
.
Now consider the sum ∑
S∈C2n−2
1
gS
AS .
It is
(5.1) M2n−2
∫
Γ0(4)\H
H(τ)g(τ)En−1(τ)(Imτ)k+n−
5
2 dτ.
It may be possible to show that it is non-vanishing. Then one of AS is non-vanishing, and Ff,g
is non-vanishing.
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